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Abstract-This paper presents a higher order, linear theory of piezoelectric crystal bars as in
the same spirit as that of Mindlin. First, a power series representation in aerial coordinates is
employed for both the mechanical displacement and electric potential fields. Next, with the help
of a variational theorem deduced from Hamilton's principle, together with these series, the
theory is established consistently. A hierarchy of I-dimensional approximate equations of
motion, charge equations of electrostatics, initial and boundary conditions, strain-displacement
and electric field~lectric potential relations, and macroscopic constitutive equations constitutes
the theory, and it governs all the types of motions of piezoelectric crystal bars of uniform cross­
section. Further, special cases of interest are pointed out. The solutions of the initial mixed
boundary-value problems defined by this theory are proven to be unique.

NOTATION

Throughout this paper we use Cartesian tensors in the Euclidean 3-space E. Einstein's
summation convention is implied for all repeated Latin and Greek indices, unless they are
enclosed with parentheses. Latin indices range over 1-3, while Greek indices over I and 2.
A comma followed by an index stands for partial differentiation and a star for prescribed
quantities. A prime and a superposed dot are designated to denote partial differentiation
with respect to the axial coordinate Xl and to time t, respectively.

The list of notation follows:

L
d
B,oB
'(;'

t
x,
D,d
£/j

SI)k

TI)

P
01)

U,K,H
e
rp
f, T

n,v
a

length of bar
cross-sectional area of bar
entire volume of bar and its boundary surface
a Jordan curve which bounds cross-section d
time
Cartesian coordinates (i = I, IX; IX = 2, 3)
mechanical displacement and electric displacement vectors
components of strain tensor
permutation symbol
components of symmetric stress tensor
mass density
Kronecker's delta
internal energy, kinetic energy and electric enthalpy of bar
electric field vector
electric potential
body force and traction vectors
unit vectors normal to oB and to '(;'
surface charge
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( . ), ( )'

I,m, n)

E~j' It), e~m. 11)

ep(m, 11), u~m.1J)

S", S.

components of elastic stiffness, piezoelectric strain constants and dielectric permit­
tivity
components of stress, acceleration and electric displacement resultants defined in
equation (3.4)
components of body force, traction and surface charge resultants defined in equa­
tion (3.4)
moment of inertia of higher order defined in equation (3.4)
components of strain and electric field of order (m, n), defined in equation (3.2)
electric potential and components of mechanical displacement of order (m, n)
surface parts of oE, where the (t" rp) and the (u" a) are prescribed
o a
at< ), ox! ( ).

I. INTRODUCTION

Recent technological interest in piezoelectric crystals is well-known; a whole branch
of industry is, in fact, devoted to the development of piezoelectric devices as a result of their
extensive use for both military and non-military purposes. Consequently, a great deal of
investigations have been carried out both experimentally and theoretically. The reader is
referred to[I-6], and in particular, to a recent, excellent survey due to Mindlin[7] for the
review of the earlier works on piezoelectric crystals.

Previously, Mindlin and his students have studied various types of oscillations of piezo­
electric crystal plates, and their works have been recently elaborated by Tiersten[6] in a
comprehensive monograph. More recently, Dokmeci[8] has formulated a generalized varia­
tional theorem for linear piezoelectricity, and then, he used it in order to construct a theory
of piezoelectric crystal finite surfaces. Further, this theory is extended to include the effects
of the elastic stiffness and inertia of the electrodes in crystal surfaces completely coated
with electrodes on both faces[9]. A higher order theory of piezoelectric crystal bars is
first presented in this paper. The theory governs the extensional, flexural and torsional
oscillations of bars of uniform cross-section for both low and high frequencies.

Section 2 contains the fundamental equations of linear piezoelectricity and the vari­
ational theorem of [8]. This is followed by the I-dimensional, approximate, macroscopic
equations of piezoelectric bars in Section 3. First, the mechanical displacement and electric
potential fields are represented by power series in terms of cross-sectional coordinates.
Next, with the aid of the variational theorem and these series, we consistently establish a
hierarchy of equations of motion, charge equations of electrostatics, initial and boundary
conditions, strain-displacement and electric field-electric potential relations and appro­
priate constitutive equations. Then in Section 4, we enumerate the conditions to ensure the
uniqueness for the solutions of the initial mixed boundary value problem described by the
governing equations of piezoelectric crystal bars. In the last Section, special cases of interest
are indicated and some conclusions concerning the theory are drawn.

A part of this paper is based on a talk presented at the 84th meeting of the Acoustical
Society of America, Miami Beach, Florida, December 1972.

2. BASIC EQUATIONS OF LINEAR PIEZOELECTRICITY

A complete description of the linear theory of piezoelectricity is given, for instance, in [2],
[6], [7] and [10). The latter also includes the coupling between mechanical, electrical and
thermal fields. For ease of reference, the following brief account is recorded.

In the Euclidean 3-space E, let B stand for a regular region of space [11], occupied by the
piezoelectric medium, with its closure 13 and boundary 8B at time t = to, n for the unit
outward vector normal to 8B, and S", and S. for the complementary regular subsurfaces
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of aB such that S", U Su = aB and S'" n Su = O. Further, let Ii x [to, t1) be the domain of
definitions for the functions of (x, t), where Xi being a fixed system of Cartesian coordinates
and t1 > to may be infinity.

Now, we state the equations of local balance of momenta:

rij,i+!j-piij=O on Bx[to,t1)

Gijk rjk = 0 on B x [to, t1)·

(2.1)

(2.2)

Here, r ij is the components of symmetric stress tensor, f the body force vector per unit
volume, u the displacement vector, p the mass density, and Gijk the usual permutation symbol.
The stress vector t can be expressed:

(2.3)

Maxwell's equations for the quasi-static electric field are given by

di,i=O on Bx[to,t1)

e; = -qJ,i on B x [to, t1)

(2.4)

(2.5)

in which d is the electric displacement vector, e the electric field vector, and qJ the electric
potential. The surface charge a can be expressed in terms of the components of the electric
displacement:

a=nidi' (2.6)

The linear constitutive equations of uncoupled piezoelectricity are:

(2.7)

(2.8)

on B x [to, t1)

on B x [to, t1)

rij = C;jklfkl - Ckijek

d i = C;jkfjk + Cijej

along with the symmetry conditions

C ijkl = Cj;kl = C k1ij = C ij1k , C ijk = C ikj , Cij = C ji on B x [to, t1) (2.9)

where C ijkl , C ijk and Cij denote the components ofelastic stiffness (ei = const.), piezoelectric
strain constants and dielectric permittivity (fij = const.), respectively. The piezoelectric
strain constants C ijk play the coupling role between elastic and dielectric phenomena. The
components of the strain tensor are defined through

fij = -!-(Ui,j + Uj ,,) on B x [to, t1).

The boundary conditions are written in a general form:

r; - ni'ij = 0 on S< X [to, t1), qJ* - qJ = 0 on S'" x[to, t1)

ut - U; = 0 on Su x [to, t1), 0"* - nidi = 0 on Sa X [to, t1 )

(2.10)

(2.11)

(2.12)

with S<' Su and S"', Sa being the complementary portions of aBo Here, the r i is prescribed
on Sp the Ui on Su' the 0" on Sa, and the qJ on S",. For the sake of simplicity,

(2.13)
is taken in the analysis.

Lastly, a set of the initial conditions, namely

U(Xi' to) = v*(x,), u(xi , to) = w*(x;)}
on B(to)

e(x;, to) = e*(x,)
(2.14)
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completes the fundamental equations of the linear uncoupled theory of piezoelectricity.
Here, the symbol B(t) refers to B at time t. Furthermore, we should note that in the funda­
mental equations UECO,2), fijEC(O,O)lijECO,O), fEC(O,O), dEC(I,O), eEC(O,O) and
qJ E Co, 0) are assumed, where c(m, n) represents the functions with derivatives of order
up to and including m and n with respect to Xi and t, respectively, provided that the functions
and their derivatives exist and are continuous on Ii x [to, tl ).

In closing this section, we recall the variational theorem [8, 12]:

15,oT ii = 0

with to and tl denoting two arbitrary instants of time, and

15,oTll = {I dt J[(lij,i + fj - piiJ 15u j + (di,;) 15qJ] dV
/0 B

15ff22 =t dt J[(lJ- nil iJ15u j +(qJ-qJ*)15u]dS
to Scp

15ff33 = t dt J[CUi - ui) 15li + (u* - ni d;) 15qJ] dS.
to Su

(2.15a)

(2.15b)

This variational theorem is directly deduced from Hamilton's principle, and it leads to
equations (2.1), (2.4), (2.11) and (2.12) as the appropriate Euler equations. The theorem,
is, in fact, slightly different than the one due to the author. Here, by the suggestion of R. D.
Mindlin, the traction together with electric potential (or displacement with charge) in lieu
of the traction with surface charge (or displacement with potential) is prescribed; the former
is the most commonly encountered in practice.

3. GOVERNING EQU A nONS OF PIEZOELECTRIC
CRYSTAL BARS

In general, the direct method, the asymptotic method and the method of series expansion
are the most suitable methods in order to establish continuum theories in 1- and 2-dimensions
(see, e.g. [13-17] and references therein), of which the latter has been developed by Cauchy
and Poisson, and it has been recapitulated by Mindlin[16, 18], who has extensively employed
it in constructing beam and plate theories, and has shown its consistency [19]. This method
of series expansion is used for the present study as well.

Electric potential and displacement fields

Consider a slender, cylindrical, piezoelectric crystal bar with no singularities of any type
in e (Fig. 1). The bar is referred to a system of right-handed Cartesian coordinates Xi in this
space. The coordinate axes are located at the centroid of the initial cross-section of the bar.

G

Fig. 1. Geometry of bar.
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The xl-axis is the centroidal bar axis; the Xz- and x3-axes are chosen as the principal axes
of cross-section. The mechanical displacement and electric potential of the bar are con­
sistently approximated by the power series in aerial coordinates x" (cf. [20, 21]), that is,

and

M,N

u(x. t) = " oX'.:' x nu(m, n)(x t)
I' L 2 3 1,

m, n=O

M,N

cp(xi , t) = I x7 X; ({J(m, n)(x!> t).
m, n=O

(3.1 a)

(3.1 b)

Here, it is assumed that u(m. n) and ({J(m, n) exist, and they are unknown a priori and inde­

pendent functions to be determined.

Elect~icfield and strain distributions

Substituting equation (3.1) into equations (2.5) and (2.10), we readily obtain the strain
distributions:

M,N

{fij(X, t), ei(x, t)} = I xi X;{f\j' n)(x!> t), elm, n)(X1' t)}
m, "=0

(3.2a)

where

f~p,n) = t[(m + l)(bz"u~m+1,n) + bzpu~m+1,n» + (n + 1)(b3"ur,n+l) + b3pU~m,n+1»]

f~7,n) = t[u~(m,n) + (m + 1) bz"Ulm+1,n) + (n + 1) b3"Ulm,n+1)]

fl"l' n) = u~(m, n) (3.2b)

and
(3.2c)

Equations of motion and of electrostatics

If the power series expansions (3.1) are inserted into the volume integral of equations
(2.15), and then the integrations over the cross-sectional area of bar are carried out, we
arrive at the equation:

bfl
ll

= r dt ( Mi [(T;\m,n) - mTl;n-l,n) - nT3(;n,n-l) + p[m,n) - p/flm,n» bu!m,n)
to 0 m,n=O

+ (D~(m,n) _ mD~m-l,n) _ nD~m,n-1) + D(m,n» bcp(m,n)] dX
1

(3.3)

where L is the length of bar, and the quantities:

{Ti)m, n), DIm, n)} =f x7 x;{r ij , dJ dA
d

{T(m, n) D(m, n)} =f xmxn{r . d} V ds
I , 2 3 'U' C% IX

'6

F/m,n) =f x7 X;fi dA
d

(3.4)

M,N
A(m,n) - " 1 (p,q)

i - '- (m+p,n+q)u i ,
p,q=O

l(m,n) = Jx7x~ dA
d

are defined. rrJ is a simply-connected Jordan curve which bounds d; ds is the line element
of ((j and v the unit exterior normal vector on rrJ. It is noteworthy that

A=/(O,O)' 1(0,1)=/(1,0)=/(1,1)=0, 1(2,o)=lx3x3 ' l(o,z)=lx2X2 (3.5)

IJSS-VOL. 10/~B
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in the notation of equations (3.4), since the principal axes X a are located at the centroid of
cross-section.

The variations (iulm.n) and (i<p(m. n) in equation (3.3) are independently and arbitrarily
taken. Hence we obtain the hierarchy of I-dimensional, approximate equations of motion
and of electrostatics as follows:

T{~m. n) _ mTii- 1.n) _ nTji' n-1) + p[m. n) _ pA·/m.n) = ° on L x [to, t1) (3.6)

D~(m.n) _ mD~m-1.n) - nD~m.n-l) + D(m.n) = ° on L x [to, t1) (3.7)

Natural boundary conditions

The surface integrals in equation (2.15) are evaluated using the series expansion (3.1) as in
the volume integral, and they are found to be

u(m. n) _ u*(m. n) = 0, D*(m. n) _ D(m. n) = ° on Sa x [to, t1)}
Ti*(m.n) - T/m.n) = 0, <p(m. n) _ <p*(m. n) = ° St X [to, t1)

(3.8)
on

and
Mi(m. n) _ T~71. n) = 0, <p(m. n) _ ljJ*(m. n) = ° on d r x [to, t1)}

u(m. n) _ v*(m. n) = 0, e*(m. n) + D~m. n) = ° d f X [to, t1)
(3.9)

on

for independent and arbitrary variations indicated. Here, v*(m, n) and ljJ(m.n) are given func­
tions. Also we have introduced:

{M~ (m. n) e*(m. n)} =f ~ xn{r'!' O'*} dA(' 2 3 ~, ,
.Ill

and considered:

{Ti*(m,n), D*(m. n)} =t xi x 3(ri, 0'*) ds. (3.10)
'C

S, uSe = 8B, Sf = Sa u S" Su = Sa u db S<p = St u d" Se = d , u dr. (3.11)

In this equation, S" Se' d I and d r are the lateral, edge, left face and right face boundary
surfaces of bar, respectively. The u and 0' are prescribed on the portion Sa of S, and on
d " while the t and <p are prescribed on the remaining portion S, of S, and on dr. In the
coordinate system used, the exterior normal vector n takes the values n1 = 1 on d r and
n1 = -Ion d , .

Constitutive equations

With the aid of equations (2.7-2.9) and equations (3.2), the linear macroscopic constitutive
equations of piezoelectric crystal bars are obtained:

M,N

nt· n)(x1, t) = L I(m+p,n+q)(C,jklEir· q) - CkijekP.q») on L x [to, t1)
p,q

M,N

D!m.nl(x1, t) = L I(m+p,n+q)(C,jk fjf· q
) + CijejP.q» on L x [to, t1)

p,q

(3.12)

(3.13)

Initial conditions

Now, we make use of equations (2.5), (2.14) and (3.1), and read the initial conditions,
namely

u(m.n)(x1, to) = (X*(m.n)(X1)' ti(m,n)(x1, to) = p*(m.n)(xd; <p(m.n)(Xl> to) = y*(m.n)(X1)

(3.14)
where (X*, P* and y* are given functions.
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Linear theory ofpiezoelectric crystal bars

The union of the electric potential and displacement fields (3.1), the electric field and strain
distributions (3.2), the equations of motion (3.6) and of electrostatics (3.7), the natural
boundary conditions (3.8-3.9), the constitutive relations (3.12-3.13), and the initial con­
ditions (3.14) constitutes the governing equations of the linear theory of piezoelectric crystal
bars.

4. UNIQUENESS OF SOLUTION

In this section, we establish a theorem of uniqueness for the solutions of the governing
equations formulated previously. Of the several arguments used to construct uniqueness
theorems of elastodynamics, it is the classical energy argument due to Neumann[22, 23],
upon which the present theorem ofuniqueness is based. To begin with, we state the following
theorem.

Theorem. There exists, at most, one solution to the initial mixed boundary-value problem
defined by the aforementioned governing equations for the finite bar space B + aB with
boundary aB(aB = Su u Scp, Su n Scp = 0) in e.

To prove the theorem, we consider, as usual, two sets of solutions. Since all the governing
equations are linear, the difference set of the two solutions is a solution of the homogeneous
governing equations. Consequently, it is enough to show that these homogeneous equations
have only the trivial solution.

Now, we express the rates of the kinetic energy K, internal energy U, and electric enthalpy
H of bar as

U=H+ f(eidJdv.
B

(4.1)

Here, we should note that both the kinetic and internal energies are positive-definite, and
this is enough to yield a unique solution. On using equations (3.1), (3.2) and (3.4), we obtain
these rates in the form:

(4.2)

With the help of equation (3.6), we form the homogeneous equation:

In view of the total energy rates (4.2), this equation may be written:

t dt{ - (U + K) +t Mi:
N

[T;\m, n)u;(m, n) + (T;(m, n) + T;~(m, n)u~m, n)

to 0 m,n=O

- D\m,n)qJ,(m,n) _ (mD~m-l,n) + ni>~m.n-l)qJ(m.n)]} dX
1

= 0 (4.4)
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which, after performing the pertinent integrations and using equation (3.7), becomes:

U(t 1) + K(tl) = U(to) + K(to) + m~t:o ( dt{J)T;(m,nlu!m,n J - (D(m.nlcp(m,n)] dXl

+ (TAm.nlu!m,n) _ b\m,n1cp(m,nl)IL }. (4.5)
XI =0

To ensure a unique solution, the terms under the integral sign in this equation should
vanish. Evidently, the conditions (3.8-3.9) and (3.14) as well as to specify any member of
each terms under the integral sign assure the uniqueness. In fact, the vanishing integrals
in equation (4.5) together with the positive-definiteness of the U and K lead to

which implies a trivial solution for the displacement and electric potential fields, and com­
pletes the proof of the theorem.

5. DISCUSSION

In this study a systematic development of higher order, I-dimensional, linear theory of
piezoelectric crystal bars is presented. Also, a theorem of uniqueness in this theory is
established and the sufficient conditions for a unique solution are obtained. On the basis
of the 3-dimensional field equations of piezoelectricity, the theory is consistently formulated
by the use of a variational theorem together with a method of series expansion, and it governs
all the types of motions of nonpolar bars of constant cross-section, for low as well as high
frequencies.

Clearly, the variational theorem (2.15) well serves only in constructing the macroscopic
equations of motion, charge equations of electrostatics and natural boundary conditions
of piezoelectric crystal bars. A complete variational derivation of the governing equations
can be possible by means of a variational theorem developed recently by D6kmeci[24].
This theorem may generate all the governing equations of linear piezoelectricity, including
the most general form of the boundary conditions as well as the initial and jump conditions
(cf. [25] in classical elastodynamics).

The method of series expansion adopted here might be successfully employed for other
field quantities such as electric potential in lieu of electric displacements (this has been
illustrated for piezoelectric crystal plates in [6]) as a starting point. Nevertheless, the present
choice, i.e. mechanical displacement and electric potential, is, in general, more tractable
than any others in deriving approximate continuum theories. Further, by applying this
method, the theory can be extended, in a straightforward manner, to obtain that of crystal
bars, coated with electrodes (cf. [9]).

When the terms of higher than zero and one are discarded, we respectively obtain the
Bernoulli and Timoshenko theories of piezoelectric crystal bars (cf. [17, 19]). Moreover, on
account of the macroscopic constitutive equations (3.12,3.13), the equations of motion (3.6)
are coupled to the charge equations of electrostatics (3.7). If, however, the terms involved
with piezoelectricity are dropped out, the theory recovers the isothermal linear beam theories
due to Mindlin[19], Warner[26], Bleustein and Stanley[27], and D6kmeci[17].

Lastly, a large class of applications based on this theory will form the subject of forth­
coming studies.
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A6cTpaKT - B pa60Te npeACTaBJIlieTCli JIHHeHHalI TeopHli Bblcmero nopllAKa AJIli IIbe30­
:meKTpHqeCKHX KpHCTa.rrJIHqeCKHX 6pyCOB, B TaKOM JKe caMOM CMbICJIe KaK 110 TeopHH MHHA­
JIHHa. BnepBble, npHMeHlIeTCli BocnpoH3BeAeHHe B CTelleHHblX pllAax AJIli IIpocTpaHcTBeHHblx
KOOPAHHaT, KaK AJIli 1I0JIeH MeXaHHqeCKHX nepeMemeHHH, TaK H AJIli nOJIeH 3JIeKTpHqeCKOrO
1I0TeHUHa.rra. 3aTeM c 1I0MOmbIO BapHaUHoHHoH TeopeMbI, BbIBeAeHHoH H3 IIpHHUHlla f'aMHJIb­
TOHa, BMecTe c 3THMH pllAaMH, c03AaBaeTCli JIOrHqHO TeopHli. l1epapxHlI oAHoMepHblx
npH6JIHJKeHHbIX ypaBHeHHH ABHJKeHHlI, ypaBHeHHH 3apllAa 3JIeKTpOCTaTHKH, Haqa.rrbHbIX H
rpaHHqHbIX YCJIOBHH, COOTHomeHHH MeJKAY OTHOCHTeJIbHOH AecPopMaUHeH H CMeI.QeHHeM H
MeJKAY 3JleKTpHqecKHM nOJIeM H 3JIeKTpH'IeCKHM 1I0TeHl.\Ha.rrOM, H MaKpOCKOIIHqecKHx ypaBHe­
HHH COCTOllHHlI yqpeJKAaeT TeopHIO H, Aa.rree, onpeAeJIlieT Bce THllbI ABHJKeHHH AJIli nbC30­
3JIeKTpHqecKHX KpHCTa.rrJIHqeCKHX 6PYCOB, paBHoMepHoro 1I0llepeqHOrO Ce'leHHlI. KpoMe Toro,
06pamaeTcli BHHMaHHe Ha Cnel.\Ha.rrbHble HHTepeCHble CJIyqaH. )l;oKa3bIBaeTclI, qTO pemeHHlI
3aAaq AJIli Haqa.rrbHbIX cMemaHHbIX KpaeBbIX 3aAaq eAHHCTBeHbI.


